
Scientific Inquiry and Review (SIR) 

Volume 2, Issue 4, October 2018 

ISSN (P): 2521-2427, ISSN (E): 2521-2435 

Journal DOI: https://doi.org/10.32350/sir  

Issue DOI: https://doi.org/10.32350/sir.24 

Homepage: https://ssc.umt.edu.pk/sir/Home.aspx  

 

Journal QR Code: 

 

 

 

 

 

 

 

 

A publication of the  

School of Science, University of Management and Technology 

Lahore 

  

Article: 
Numerical Solutions for Third Order Ordinary 

Differential Equation by Differential Transform Method 

& Elzaki Transform Method 

 

Author(s): 

 

Muhammad Saqlain 

Wajeeha Irshad 

Usman Bashir 

Ghulam Murtaza 

Naveed Jafar 

 

Online 

Published: 

October 2018 

Article 

DOI: 
doi.org/10.32350/sir.24.01 

Article QR 

Code: 

 

To cite this 

article: 

Saqlain M, Irshad W, Bashir U, Murtaza G, Jafar N.  
Numerical solutions for third order ordinary differential equation 

by differential transform method & Elzaki transform method. 

Sci Inquiry Rev. 2018;2(4):01–11. 

Crossref 

Copyright 

Information 

 

This article is open access and is distributed under the terms 

of Creative Commons Attribution – Share Alike 4.0 

International License 

Indexing Agency 

 

 

 

 

 

 

 

 

 

 

https://doi.org/10.32350/sir
https://doi.org/10.32350/sir.24
https://ssc.umt.edu.pk/sir/Home.aspx
doi.org/10.32350/sir.24.01
https://doi.org/10.32350/sir.24.01


Muhammad Saqlain et al. 

1 

Numerical Solutions for Third Order Ordinary Differential Equation by Differential 

Transform Method & Elzaki Transform Method 

Muhammad Saqlain1*, Wajeeha Irshad2, Usman Bashir3, Ghulam Murtaza4, 

Naveed Jafar5 

1,2,3,4,5 Department of Mathematics, Lahore Garrison University, Lahore, Pakistan. 

*msgondal0@gmail.com 

 

Abstract 

Differential transformation provides semi-analytical arithmetical solution. 

This approach is proficient at reducing calculation and works readily. In 

this paper, we use Elzaki transform method (ETM) and differential 

transformation method (DTM) to get a numerical result of the third order 

ordinary differential equation. We compare the results to see which method 

converges quickly with the true solution. We also offer numerical results 

with errors to show the efficiency of the methods. 

Keywords: Elzaki transform method (ETM), differential transform method 

(DTM), exact solutions. 

 

1. Introduction 

The differential equations have played a vital role in every phase of applied 

mathematics for a long time. With the beginning of digital computing, their 

importance has multiplied significantly. Elzaki transform was driven by Tarig 

Elzaki to empower the system of tackling conventional and differential conditions 

in the time space. Another fundamental change is said to be that the Elzaki 

transform outlined the capacity of exponential request expect works in the set A 

characterized as follows,  

 𝐴 = {𝑓(𝑡): ∃𝑁  , 𝑘1 , 𝑘2 > 0, │ƒ(t)│ < N𝑒
│𝑡│

𝑘𝑗  , 𝑖𝑓  𝑡 ∈ (−1)𝑗 𝑋 [0, ∞)} (1)  

  In the given capacity in set A, the steady N might be a limited number, that 

is, 𝑘1,𝑘2. It ought to be limited and unbounded and expressed by the integral 

equations given below. 

𝐸[𝑓(𝑡)] = 𝑇(𝑣) = 𝑣 ∫ ƒ (𝑡)
∞

0
𝑒

−𝑡

𝑣 𝑑𝑡 ,  𝑡 ≥ 0, 𝑘1 ≤ 𝑣 ≤  𝑘2       (2) 

The variable in the given transform is used to factor the variable (t) in the argument 

of the function 𝑓. This transform has an important link with the Laplace transform. 

We depict several different belongings of the current transform and Sumudu 
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transform; a few properties of these transforms are expanded. The adequate 

conditions for the event of Elzaki change is that 𝑓(𝑡) for 𝑡 > 0 is piecewise nonstop 

and of exponential request, then Elzaki change might possibly happen. 

Consequently, one ought to have the capacity to match it, all things considered, in 

settling the issue. Defined as 𝑅𝑒(𝑠) > 0, Laplacian change is known as follows, 

𝐹(𝑠) = 𝐿[𝑓(𝑡)] = ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
∞

0
      (3) 

The definition of Elzaki & Laplacian transform depict a double connection 

described as follows, 

𝑇(𝑢) = 𝑢𝐹 (
1

𝑠
)                 𝐹(𝑠) = 𝑠𝑇(

1

𝑠
)      (4) 

This equation is referred to as LED which is the short form of Laplace Elzaki 

Duality. 

Zhou X. [1] was the very first person who proposed the differential 

transform Method (DTM) for solving non-linear and linear primary valued 

problems in electrical circuit analysis. Two-dimensional differential transform 

Method to solve partial differential equation [2] has been applied by Jan, Chen and 

Liu and they have also used it to take care of two boundary esteem issues [3]. The 

differential transform Method has been applied by Yu and Chen for the 

streamlining of the rectangular blades with variable warm parameters [4, 5]. It is an 

iterative method to get Taylor series results. The analytical result is constructed by 

this method in a polynomial form. This technique is simplest and easiest to 

command and works in a very short time even in relation to non-linear or parameter 

variable structures. However, it is unlike the Taylor arrangement strategy which 

needs the calculation of the high request subordinates. Reliable solutions have been 

shown by the implementation of DTM [3, 4, 6, 7] among others to get the solutions 

of ODE, Blasius equation, PDE, non-linear fractional differential equations and 

delay DE (Differential Equations). Firstly, all the transformed problems are attained 

by using Differential Transformation according to the above technique. Secondly, 

the results of transform problems are attained and eventually, inverse differential 

transformation is used that gives the results of actual problems. 

𝐴𝑐𝑡𝑢𝑎𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚       →  𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎𝑐𝑡𝑢𝑎𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 

↓                                                                            ↓ 

𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑚            𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛 

↓                                                                              ↓ 

𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑝𝑟𝑜𝑏𝑙𝑒𝑚  →   𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑒𝑑 𝑝𝑟𝑜𝑏𝑙𝑒𝑚 
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The differential transform of a function is simply the nth co-efficient of the 

Taylor expansion of the function and inverse differential transform constitute the 

Taylor series. Given below is an expansion of an arbitrary function 𝑓(𝑡) in Taylor 

series about any point 𝑡 = 0  

𝑓(𝑡) = ∑
𝑡𝑘

𝑘!

∞
𝑘=0 [

𝑑𝑘

𝑑𝑡𝑘
𝑓(𝑡)]

𝑡=0
                                 (5) 

The differential Transformation of 𝑓(𝑡) is given below as  

𝐹(𝑘) =
1

𝑘!
[

𝑑𝑘

𝑑𝑡𝑘 𝑓(𝑡)]
𝑡=0

                                   (6) 

The inverse differential change for 𝐹(𝑘) is specified through an infinite series and 

is defined as 

𝑓(𝑡) = ∑ 𝑡𝑘𝐹(𝑘) 

∞

𝑘=0

 

The new essential change was proposed by Tarig Elzaki [8] to empower 

illuminating common and halfway differential condition in time area [9]. Some 

scientific apparatuses can be utilized to unravel differential condition like Fourier, 

Laplace and Sumudu change [10-14]. [15-19] which illuminate the differential 

condition and the acquired outcomes that were contrasted with the outcomes 

acquired by utilizing standard ADM. In this exposition, we used the NIT technique 

to acquire precise diagnostic and estimated answers for condition of fragmentary 

request. M. Saqlian [20] solved second order ODE in his paper. 

 

2. Elzaki Transform Method 

2.1. Problem 

Let us assume a Differential Equation given below as  

𝑢,,,(𝑡) = 𝑒𝑡          (7) 

      The initial conditions are given below 

            𝑢(0) = 3,          𝑢,(0) = 1,        𝑢,,(0) = 5       (8) 

Applying Elzaki Transform on eq. (7) & (8). We get 

𝐸[𝑢,,,(𝑡)] = 𝐸[𝑒𝑡] 

1

𝑣3
𝐸[𝑢(𝑡)] −

1

𝑣
𝑢(0) − 𝑢,(0) − 𝑣𝑢,,(0) =

𝑣2

1 − 𝑣
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                                    𝐸[𝑢(𝑡)] = 2𝑣2 + 4𝑣4 +
𝑣2

1−𝑣
        (9) 

By taking inverse Elzaki Transform we get 

𝑢(𝑡) = 2 + 2𝑡2 + 𝑒𝑡                         (10) 

Table 1. The values of 𝑢(𝑡) using Elzaki Transform 

 

Table 1 shows the solution of  𝑢(𝑡) using Elzaki Transform in which independent 

variable is substituted by the difference of 0.1. 

Differential Transform Method 

2.2. Problem 

Consider the Ordinary Differential Equation 

𝑢′′′(𝑡) − 𝑒𝑡 = 0      (11) 

with given initial conditions 

𝑢(0) = 3            𝑈[0] = 3  𝑈0 = 3               (12) 

𝑢′(0) = 1            𝑈[1] = 1  𝑈1 = 1    (13) 

𝒕 𝒖(𝒕) 

0 3.000000000 

0.1 3.125170918 

0.2 3.301402756 

0.3 3.529858808 

0.4 3.811824698 

0.5 4.148721271 

0.6 4.542118800 

0.7 4.993757070 

0.8 5.505540928 

0.9 6.079603111 

1 6.718281828 
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𝑢′′(0) = 5     𝑈[2] = 5  𝑈2 = 5   (14) 

For k from 0 to 23 

𝑈[𝑘 + 3] =
𝑘!

(𝑘 + 3)!
(

1

𝑘!
) 

For 𝑘 = 0 

𝑈[0 + 3] =
0!

(0 + 3)!
(

1

0!
) 

𝑈3 =
1

6
                                                         (15) 

𝑈23 =
1

25852016738884976640000
              (16) 

For k from 0 to 23 we get; 

𝑢 = 𝑢 + 𝑈[𝑘] ∗ 𝑡^𝑘  

𝑢 = 3 

𝑢 = 3 + 𝑡 

𝑢 = 5𝑡2 + 𝑡 + 3 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 
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𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 +

1

87178291200
𝑡14 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 +

1

87178291200
𝑡14 +

1

1307674368000
𝑡15 
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𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 +

1

87178291200
𝑡14 +

1

1307674368000
𝑡15

+
1

20922789888000
𝑡16 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 +

1

87178291200
𝑡14 +

1

1307674368000
𝑡15

+
1

20922789888000
𝑡16 +

1

355687428096000
𝑡17𝑢 

= 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 +

1

87178291200
𝑡14 +

1

1307674368000
𝑡15

+
1

20922789888000
𝑡16 +

1

355687428096000
𝑡17

+
1

6402373705728000
𝑡18 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8

+
1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12

+
1

6227020800
𝑡13 +

1

87178291200
𝑡14 +

1

1307674368000
𝑡15

+
1

20922789888000
𝑡16 +

1

355687428096000
𝑡17

+
1

6402373705728000
𝑡18 +

1

121645100408832000
𝑡19 

𝑢 = 5𝑡2 + 𝑡 + 3 +
1

6
𝑡3 +

1

24
𝑡4 +

1

120
𝑡5 +

1

720
𝑡6 +

1

5040
𝑡7 +

1

40320
𝑡8 +

1

362880
𝑡9 +

1

3628800
𝑡10 +

1

39916800
𝑡11 +

1

479001600
𝑡12 +
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1

6227020800
𝑡13 +

1

87178291200
𝑡14 +

1

1307674368000
𝑡15 +

1

20922789888000
𝑡16 +

1

355687428096000
𝑡17 +

1

6402373705728000
𝑡18 +

1

121645100408832000
𝑡19 +

1

2432902008176640000
𝑡20              (17) 

 

Table 2. The value of 𝑢(𝑡) by Differential Transformation Method 

  

Table 2 and table 3 indicate the solution of 𝑢(𝑡) using DTM in which independent 

variable is substituted by the difference of 0.1. The error in the solutions of u(t) by 

DTM and ETM and the graphical comparison of ETM and DTM is shown in figure 

1.  

Table 3. Error in the solutions of u(t) by DTM and ETM Comparison Table for 

u(t) 

𝐓 DTM ETM ERROR 

0 3 3 000000000 

0.1 3.150170918 3.125170918 0.025000000 

0.2 3.401402759 3.301402756 0.100000003 

𝒕 𝒖(𝒕) 

0 3 

0.1 3.150170918 

0.2 3.401402759 

0.3 3.754858807 

0.4 4.211824698 

0.5 4.773721270 

0.6 5.442118801 

0.7 6.218752707 

0.8 7.105540929 

0.9 8.104603111 

1 9.218281828 
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0.3 3.754858807 3.529858808 0.224999999 

0.4 4.211824698 3.811824698 0.400000000 

0.5 4.77372127 4.148721271 0.624999999 

0.6 5.442118801 4.5421188 0.900000001 

0.7 6.218752707 4.99375707 1.224995637 

0.8 7.105540929 5.505540928 1.600000001 

0.9 8.104603111 6.079603111 2.025000000 

1 9.218281828 6.718281828 2.500000000 

 

.  

Figure 1. Graphical comparison of ETM and DTM 

3. Conclusion 

In this paper, differential equations are solved by using two different 

transformations; one is Elzaki Transformation and the other is differential 

transformation and the results obtained by these two transformations are compared. 

Results obtained by differential transformation method are series solution; on the 

other hand Elzaki Transformation provides exact results. Results are compared in 

tabular form and by using graphs. It is found that the results obtained by differential 
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transformation method converge rapidly and are very near to the exact solution. 

Hence, differential transformation method is a reliable, effective tool for the 

solution of differential equations. 

 

References 

 
[1] Zhou X. Differential transformation and its applications for electrical 

circuits. Wuhan, China: Huazhong University Press; 1986. 

[2]  Jang MJ. Analysis of the response of a strongly nonlinear damped system 
using a differential transformation technique. Appl Math Comput. 
1997;88:137–151. 

 Crossref 

[3] Chen CL. Differential transformation technique for steady nonlinear heat 
conduction problems. Appl Math Comput. 1998:95:155–164. 

 Crossref 

[4]  Yu LT. The solution of the blasius equation by the differential 
transformation method. Math Comput Modelling. 1998;28(1):101–111. 

 Crossref 
[5] Yu LT. Application of Taylor transformation to optimize rectangular fins 

with thermal parameters. Appl Math Model. 1998;22:11–21. 

 Crossref 

[6] Ayas F. Solutions of the system of differential equations by differential 
transform method. Appl Math Comput. 2004;147:547–567. 

 Crossref 

[7] Duan Y. Lattice Boltzmann model for the modified Burger's equation. 
Appl Math Comput. 2008;202:489–497.  

 Crossref 

[8] Elzaki TM. The new integral transform “Elzaki Transform”. Global J 
Pure Appl Math. 2011;1:57–64. 

[9] Elzaki TM, Elzaki SM, Elnour EA. On the new integral transform 
“ELzaki Transform” fundamental properties: Investigations and 
applications. Global J Math Sci: Theory Pract.  2012;4(1):1–13. 

[10] Eslaminasab M, Abbasbandy S. Study on usage of Elzaki transform for 
the ordinary Differential equations with non-constant. Int J Ind Math. 
2015;7(3). 

[11] Duz M. Application of Elzaki transform to first order constant 
coefficients complex equations. Bull Int Math Virtual Inst. 
2017;7(1):387–393.  

https://doi.org/10.1016/S0096-3003(96)00308-6
https://doi.org/10.1016/S0096-3003(97)10096-0
https://doi.org/10.1016/S0895-7177(98)00085-5
https://doi.org/10.1016/S0307-904X(98)00004-3
https://doi.org/10.1016/S0096-3003(02)00794-4
https://doi.org/10.1016/j.amc.2008.01.020


Muhammad Saqlain et al. 

11 

[12] Aboodh KS. Transform homotopy perturbation method for solving third 
order Korteweg - DeVries Equation. Int J Theoretical Appl Math. 
2016;2(2):35–39.  

[13] Elzaki TM. Application of projected differential transform method on 
nonlinear partial differential equations with proportional delay in one 
variable. World Appl Sci J. 2014;30:345–349. 

[14] Alderremy AA, Elzaki TM. On the new double integral transform for 
solving singular system of hyperbolic equations. J Nonlinear Sci Appl. 
2018;11:1207–1214.  

 Crossref 

[15] Saad KM. Comparing the Caputo, Caputo-Fabrizio and Atangana-
Baleanu derivative with fractional order: Fractional cubic isothermal 
auto-catalytic chemical system. Eur Phys J Plus. 2018;133:94–105. 

 Crossref 

[16] Saad KM, Al-Shareef EH, Mohamed MS, Yang XJ. Optimal q-homotopy 
analysis method for time-space fractional gas dynamics equation. Eur 
Phys J Plus. 2017;132: 123–146.  

 Crossref 

[17]  Saad KM, Al-Shareef EH. Analytical study for time and time-space 
fractional Burgers’ equation. Adv Differ Equations. 2017;13(6):111–441. 

 Crossref 

[18]  Saad KM, AL-Shomrani AA. An application of homotopy analysis 
transform method for Riccati differential equation of fractional order. J 
Fractional Calculus Appl Anal. 2016;7(1):61–72.  

[19] Saad KM, Baleanu D, Atangana A. New fractional derivatives applied to 
the Kortewegde Vries and Kortewegde Vries Burgers equations. Comput 
Appl Math. 2018;37(4):5203. 

 Crossref 

[20] Rauf A, Zeb I, Saqlain M. Modified dust-lower-hybrid waves in quantum 
Plasma. Sci Inquiry Rev. 2018;2(2):12–21. 

                Crossref

https://doi.org/10.22436/jnsa.011.10.08
https://doi.org/10.1140/epjp/i2018-11947-6
https://doi.org/10.1140/epjp/i2017-11303-6
https://doi.org/10.1186/s13662-017-1358-0
https://doi.org/10.1007/s40314-018-0627-1
https://doi.org/10.29145/sir/22/020202



