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Abstract

This paper presents an efficient and intuitive technique of shape parameterization
for design optimization using a partial differential equation (PDE) of order ten. It
shows how the choice of two introduced parameters can enable one to parameterize
complex geometries. With the use of PDE based formulation, it is shown in this
paper how the shape can be defined and manipulated on the basis of
parameterization and the boundary value approaches by which complex shapes can
be created. Further the boundary conditions which are used in it are a boundary
and an intermediate curves for defining the shape. This technique allows complex
shapes to be parameterized intuitively using a very small set of design parameters.
Hence, Practical design optimization of problems becomes more achievable by
applying PDE based approach of shape parameterization by incorporating
standard numerical optimization techniques [1,2].

Keywords: PDE surfaces, smoothness, continuity, ten boundary curves

1. Introduction

Parameterizing the shape of objects is one of the essential factors in practical design
optimization. Embellishing a general explanation for objects, in which values of
design parameters determine their shape is rudimentary in parameterization [3,4].
By designating a particular value for a specific item from this general explanation,
one can create a new design each time with its application congruent to its own
properties.

From previous literature about shape optimization, the vital factor
emerging is the selection of design variables and their shape parameterization [5,
6]. Selection of multiple variables at a time can cause chaotic implications including
mismanagement of computational time, whereas choosing few variables may
produce limited results [7, 8]. Hence, using shapes with few parameters was
considered more practical method in optimization, where the parameters must be
able to intuitively define the predictable effect on the surface of shape.

Previous researches showcased nodal coordinate approach as a primitive
method of shape optimization, where node coordinates of the discrete finite-
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element model calibrated as design variables [1]. This approach proved ineffective
for a large number of design variables optimization. Mesh parameterization
approach [9], the use of solid modeling [10] and the natural design variable method
[11] were developed to overcome the drawbacks of this basic method. However,
these methods proved to be costly and often produced restricted optimization
results. Spline approach particularly Bezier and B-Splines, became the more
advanced method for optimization where a series of polynomial functions defined
any shape. This approach suggested that a surface should be represented as a mesh
of rectangular curvilinear regions where a set of control points would define the
shape [12]. It depicted that a large number of shape parameters and complex
geometry was a setback for this approach.

The aim of this paper is to optimize a parametric shape using minimum
shape constraints based on 10" order partial differential equations (PDE) with 10
boundary conditions [7]. This technique follows a boundary-value approach where
an object’s shape can consists of surface patches bounded by character curves.
Additionally, a small number of shape parameters proficiently define the surface’s
shape which facilitates the process of optimization both locally and globally.

The outline of the paper depicts the following,

o The study illustrates how a parametric surface can be created by PDE method.

¢ A methodology underpinning proficient parameterization of PDE surfaces is also
catered in this paper.

e Various examples of design optimization is also a focus of this paper.

2. PDE Surfaces
PDE method for blend generation was first introduced by Bloor and Wilson [13,1]
in computer aided geometric design (CAGD).

Assume a parametric function ¢(s, ¢) giving the surface in E3where s and ¢
belongs to D, and D is a two dimensional parametric space and ¢(s, ¢) € E, Such
that R?(D) — E3. The parametric form of the function is: (s, t) = (x(s, 1), y(s, 1),
z(s, t)) The PDE equation used for this work is:

0% 0%
§+X2 =279 9)=0 (1)

where A is called a smoothing parameter. Various solutions can be derived
for equation (1). Bloor and Wilson (1996) outlined the most accepted method where
solution of the above equation for desired optimum PDE surface can be formulated
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by boundary conditions. Additionally, the desired geometric shape is acquired by
considering the vital shape parameters [7,13,14].

The choice of parametric domain and boundary conditions pivot the shape
of surface for acquiring solution of equation (1). Here D is usually considered to be
a rectangle such that, D: so <s <s1, to <t <t [3,9]. For optimizing the final shape
of a model, parameter A also plays a vital role.

Usually, the calculation of x, y and z coordinates with a parameter A which
is normally constant but for this paper, we can optimize it according to the desired
shape and can mold the model as well. Since, the PDE in equation (1) is of tenth
order; hence, ten boundary conditions are requisite for the solution. Here, ten
positional curves are considered as ten boundary conditions. Let DB be a finite
domain defined as D: 0 <s <1, 0 <t < 2z such that:

00,9~ f, (0 @)
ok, 0= fi, (0. 3)
olky, )= f, (0. @)
olks, )= fi, (0 5)
oy 0= fi, () ©)
olks, 0= f, (1), ()
o(ke, 0= f, (1), ®)
o(ks, 0= fi, () ©)
o(ks, )= f, (0. (10)
WL )=f, 0. (11)

Where Zo (1, ]_Ck1 ), ]_Ckz ), £k3 ), £k4 ), £k5 ), ]_Cke (1, ]_Ck7 ), Zkg
(t),and il (1) are given ten conditions. The unknowns k4, k,, k3, ky, ks, ke, k; and
kg in above group of equations belong to (0, /), such that:

0<bky<hk,<ks<hk,<ks<ki<k,<kg<1l

These unknown also reflect the parameters of optimization and may also
adjudicate the relative position of intermediate curves. By slightly altering these
parameters, one can optimize the geometric shape as well. Shape can be locally
controlled by the boundary curves. Therefore, they also locally optimize the final
shape.

26



Syed Khawar Nadeem Kirmani and Raja Noshad Jamil

Solution of equation (1) is based upon method of separation of variables. ¢ (s, 1) =
&, (5) +Xn=1[Bn (S)cos(nt) + vy, (s)sin(nt)], (12)
where

@y = oo + @015 + @257 + Ao35® + Apast + dgsS® + Apes® + @grs” +

@ogs® + ages® (13)
Bn = Bnleans + ﬁnze—ans + Bn3seans + Bn4se—ans + anszeans +
£n6sze—ans + En7s3eans + En853e—ans + Engsz}eans + £n1054e_ans (14)

Yn = )/nleans + ynze—ans + Yn3seans + yn4se—ans + ynSSZeans +
}/n652€_ans + yn7s3eans + yn85.3e—ans + yn95.4eans + yn1054e—ans (15)
and where all the vector valued constants a;’s, fi’s and yi’s can be determined by

the given boundary conditions. The final shape of the geometry can be manipulated
by these boundary conditions as shown in figure 1.

Figure 1. Optimum PDE surface Figure 2. Ten positional curves

Figure 2 shows the ten positional curves as boundary conditions. Figure 1
is the end product by using tenth order PDE. The parameters kq, k,, k3, kg, ks, ke,
k, and kg are the shape parameters together with "a " as shown in equation (1)
which depicts how these parameters are affect the final shape and also illustrate the
manipulation of shape by readjustment of their position. Since these parameters
have a range of 0 to 1, therefore, all parameters can have values between 0 and 1.
For a particular choice of k's let’s assume the following values:

Table 1. Assigned values of shape parameters

ki | ky | ks | ky | ks | ke | k7 | kg

---- -
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0.1(02{03(04]0.6[0.7|0.8]0.9

Figure 1 is the outcome of the values shown in table 1. For instance, the
shape in figure 2 will change if k, and ks are increased to 0.45 and 0.65
respectively.

Figure 3. Shape parameter k, = 4.5 Figure 4. Shape parameter ks = 6.5

The final shape will take the form as shown in Figure 5.

Figure 5. Shape with changed k, and kg Figure 6. k; is chnaged from 0.8 to 0.85

In Figure 6, k- is slightly changed from 0.8 to 0.85. Hence, one can manipulate
the given geometry according to desired outcome.

Another benefit of involving more curves is that we can localy control the shape
of geometry. Following is a simple demonstration of the generated surface using
PDE of tenth order.
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Figure 7. PDE plane surface Figure 8. Ninth boundry curve, z-coordinate of a point
from z=0 to z=1

Figure 7 represents a plane surface generated by eqution (1) along with conditions
(2)to (11). In Figure 8, only one point is changed from z=0 to z=1 of curve
number nine. The result shows that we can locally change the shape without
altering the whole geometry.

In real world, an insect bite may affects a particular part of the human skin which
may cause that bitten part of skin to swell locally without tearing the whole skin;
a shape can be optimized in the similar fashion.

3. Error Analysis

It is essential that for a certain set of boundary conditions, various Fourier
coefficients must be analyzed .The approximate solution can be as follows;

W(s, )= ao(s) + Ty [Bn (s)cos(nt) + y (S)sin(nt)] + ERROR (s,t)  (16)

where N reflects the number of Fourier modes. As N is a finite value, so an
error term is rudimentary which is called remainder ERROR (s, t). This can be
created in the following way, where coefficients £ (s) and y (s) are determined by
amplitudes of the nth mode in boundary conditions.

The term ERROR (s, t) also denotes utilizing high frequency modes to the
surface. Due to the finite value of N, this term effects the entire shape of the surface.
The remainder term is defined as:

ERROR (s, 1) = pi(t)e"s + p,(t)e ™5 + ps3(t)se™s + p,(t)se ™5 +
ps(t)s?eVs + pe(t)s?e™5 + p,(t)s3e™s + pg(t)s3e™S + po(t)ste™s +
pro(®)ste™ (17)

where p1, p2, p3, p4, ps, ps, p7, ps, p9, pio and w are acquired by regarding
a disparity between original boundary conditions and the boundary conditions

fulfilled by function, where the original boundary conditions are the chosen curves
which satisfy equation (1):

x(5, )= @o() + Zhes [Bn ()cos(nt) + v, (S)sin(ne)| (18)
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where, £ (s) and y (s) are achieved from the aforementioned Fourier analysis
of the boundary conditions. The ten conditions &g , $k,, Sk, $kgr Skyr Sker Sker Sk

$kgand &, are the difference between the original boundary conditions and the

boundary conditions fulfilled by X(s, ) , with

§o -fe —x(0,0) (19)
S, fe — x(k1, 0) (20)
S fr — x(ka, 1) 1)
S, fe — x(ks, 0) (22)
S, fe — x(ka, ) (23)
€y ~fr — x(ks, ) (24)
Sy ~fe — x(ke, 1) (25)
&, ~fe — x(k7, 0) (26)
§ip fe — x (ks 1) 27)
&-f—x(1,0) (28)

With these conditions ERROR(s, t) can be obtained.

The constant w in equation (15) is selected from the plausible proximity of
approximate surface to desired surface. For this, we select N as an equal to 4 (N +
1) which is adjacent to the actual decay rate of difference /¥(s, t) — x(s, t)] [7]. The
choice of N plays a vital role in error terms that is, an increase in the value of N
causes a decrease in the error ERROR (s, t). For a good approximation N > 6 is a
superlative choice which minimize the error ERROR (s, t).

4. Conclusion

The determination, manipulation or optimization of a geometric surface requires
certain boundary conditions. The manipulation of these conditions particularly the
eight parameters kq, k,, ks, k4, ks, k¢, k7 and kg along with ‘a’ will aid in the
development of 3D geometry. The current paper explains the generation of PDE
surfaces via ten curves as boundary conditions. The paper also discusses how an
optimum surface can be achieved by the flexibility of the method, even when a
surface is either close or an open surface. The study also exemplifies how a surface
can be manipulated by the readjustment of the boundary conditions, where eight
parameters called as shape parameters have been introduced to discuss how
effectively they can change the final shape of a model.
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